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NOMENCLATURE

a, wall thickness;

C,, specific heat;

h, convective coefficient of heat transfer ;

k, thermal conductivity ;

L, latent heat of fusion;

SN, Stefan number for freezing;

t, time;

tos time at which the thermal front in the wall reaches
the outside surface, x = —a;

T, temperature ;

T,, initial temperature of the wall;

X, distance measured from the wall-crust interface.

Greek symbols

o, thermal diffusivity ;

d, instantaneous frozen crust thickness;

o1, instantaneous thickness of the thermal layer in the
wall;

A, dimensionless thickness of the solidified crust;

AaT, dimensionless thickness of the wall;

Ar, dimensionless thickness of the wall thermal layer;

6., dimensionless temperature at the wall surface;

0, dimensioniess temperature at the wall-crust
interface ;

9, dimensionless temperature in the frozen crust;

4., dimensionless temperature in the wall;

£, inverse Stefan number for freezing;

o, wall—frozen crust thermal ratio;

o, density ;

T, dimensionless time ;

Ty dimensionless time at which the thermal front, 7,
reaches the wall outer surface, x = —a;

T*, dimensionless time during the second stage of the

analysis (t* = © — 1,);

Ty,  total lifetime.
Subscripts

a, wall outside surface;

b, freezing liquid bulk;

f fusion;

+ This work was supported by the U.S. Nuclear Regulatory
Commission, Division of Fast Reactor Safety Research.

t Present address: Thermal Fuels Behavior Program

EG & G Idaho, Inc.,, P.O. Box 1625, Idaho Falls, ID 83401,
USA.

I, at the interface between the wall and the frozen
crust;

max, at the maximum thickness of the frozen crust;

s, solidified crust;

w, solid wall;

P

freezing liquid.

1. INTRODUCTION

IN A RECENT paper [1] the growth (freezing) and decay
(melting) behavior of the frozen crust that forms in forced
flow on a semi-infinite solid wall was studied analytically
using the integral heat balance method, as formulated by
Goodman [2]; it was found to depend upon the wall—crust
thermal ratio, (p,k,C, /pkC,)" 2, and the Stefan number for
freezing, C p',(Tf — Tg)/L. Presently available solutions in a
finite geometry consider the wall to be isothermal [3-9], where
the frozen crust continues to grow in thickness approaching a
steady-state value when the convective heat flux from the
liquid balances that which can be conducted away through the
wall. A solution for the transient growth and decay behavior
of the frozen crust in finite geometry has not been developed
to date.

In the present work, an approximate solution is presented
for the growth and decay behavior of the frozen layer that
forms in forced flow on a finite non-melting wall, subject to an
adiabatic boundary condition at its opposite surface. The
refined integral heat balance (RIHB) method, as introduced
in a previous paper [10], is used in the present analysis. Such a
method has been shown to provide an accurate prediction of
the instantaneous position of the moving change-of-phase
front, as applied to one-dimensional melting and freezing
problems.

2. PHYSICAL MODEL

As shown in Fig. 1, the problem considered is that of the
freezing of a flowing liquid on a cold, non-melting wall of
finite thickness, —a < x < 0. The liquid is at a fixed bulk
temperature, Ty, above its freezing point, T ;, whereas the wall
is initially at some uniform temperature, T, below T, and
subject to an adiabatic boundary condition at its outside
surface, x = — a. The conditions imposed upon the problem
are:

1. Axial heat conduction in the frozen crust is neglected.

2. The thermophysical properties of the liquid, the solidified
crust and the wall are constant, but different.

3. The convective coefficient of heat transfer at the liquid—
solidified crust interface, h, is assumed constant, where the
effect of the moving change-of-phase front on disturbing
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F1G. 1. Schematic diagram for the freezing of a flowing liquid onto a cold wall of finite thickness, —a < x <0,
the wall being insulated at x = — a.

the thermal boundary layer in the liquid is neglected.

The analysis of the present problem is handled in two
stages:

First stage

During the time period when the thermal penetration
distance is less than the physical dimension of the wall (that is,
5 < a), the mathematical formulation of the heat transfer
problem is the same as that for the freezing of a flowing liquid
on a semi-infinite wall [1]. The transient heat conduction
equation for the solidified crust and the wall is

aT T
S =a——, 1)
ot ox*
while the boundary conditions at the solidification and the
thermal penetration fronts are

T 6,t)= Ty,
k @(5 t)=hT, - Ty) +pLd—¢E (2a)
fox B T
and
oT,
T.(=0r,t)=T,, k,,,a—x(——ér, t)=0. (2b)

The boundary conditions to be satisfied at x = 0 are

6T“'(Ot 3
ox - )

oT,
T_'(O,t) = T".(O,t), and k,B;(O,t) = kw

The parameters to be calculated during this stage are the
transient frozen layer thickness, 3(t), the thermal penetration
distance into the wall, 6,(t), and the temperature at the
common plane of separation, T,(t). The initial conditions are
that 8(t = 0) = O and d4(t = 0) = 0.

Second stage

During the second stage of the analysis the thermal layer
front, 8,(t), reaches the wall surface such that é,{(t = t,) = a.
The governing equations in both the crust and the wall are the
same as in the first stage but the boundary conditions in the
wall becomes

w

aT
and k. 3 (-a,t*)=0,

X

T.(—at*)=T,(t*)

where (t* =t —1t,). 4)

The transient parameters to be calculated during this stage
are the frozen layer thickness, 4(¢*), the interface temperature,

T,(t*), and the wall surface temperature, T,(t*). The initial
conditions are that 6(t* = 0) = 4(r,),and T,(t* = 0) = T,,.
Initial condition for the frozen crust thickness, d, and the
value for the interface temperature, T, at t =1, are calculated
during the first stage of the analysis.

3. METHOD OF SOLUTION

Since the original concept of the integral method [ 2, 10], as
applied to solidification and melting problems, is well
documented in the literature, the method of solition is only
briefly outlined here. The basic steps are similar to those
described in [1], with some modification to the integration
scheme as suggested in [10]. The reader is referred to those
two papers [1,10] as a guide to the solution procedure. The
following dimensionless parameters are used herein for
simplification of the analysis:

[T, = T,
i [kf(r, —7T,) (“’”}

(dimensionless time);

_[h(T, - T,
o= [k—__m |

(dimensionless time at which the thermal front .

reaches the outside surface, x = — a);
WT,—T
AE[ (T, 1) 6(t):|
k(T; — Ty)

(dimensionless frozen crust thickness);

B a, 172 h(Tb— Tf) 5

[\e.) k(T —Ty)""
(dimensionless wall thermal penetration
thickness);

ara[(2) 20T
[\*./  k(T;—Ty)

(dimensionless wall thickness);

Ay

0 = [T.- T,
LT, - T
(dimensionless wall surface temperature);
9, = T_-_L}
LT, =T,

(dimensionless temperature in the frozen layer);
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0’ = [Tl - Tl)]
Tj - Tn
(dimensionless wall—crust interface temperature);
e[E27]
CTLT =T,
(dimensionless temperature in the solid wall);

L

Cp:(Tf - TU’
(inverse Stefan number for freezing);

_ (k.p.Cp N\
Ty

(wall-frozen crust thermal ratio). (5)

.,,
it

As usual with the integral heat balance method, the
temperature field in the frozen layer during the first stage of
the analysis (that is for ¢t < t,)is assumed to be described by a
second degree polynominal in time and space of the following
form:

X
0,0c1)=1-(1 - en{B(r)(n _%)

x \2
+[1- B(t)](l - %) }, 6)

where B(t) is a shape function dependent upon the boundary
conditions in the solidified crust. The peculiarity of the present
problem is that the temperature at the wall—crust interface is
not constant. As a result, the heat-transfer process in the
frozen layer must be coupled to that in the solid wall. To
accomplish this coupling, the temperature field in the wall is
also assumed as a second degree polynominal in time and
space of the form:

x\?
8.(x,t) = 9,(1 + Z) . 7)

From equations (1)-(3), (5)-(7), the following coupled
system of dimensionless equations is obtained:

dA 1-6, o
=2 —2{=)8, -1,
& ( A ) (A)

dAr (6 A\ d6,
dr \Ag 20,/ ac’

and

de dA dA

d—r’=“1oa+azud—:—aau, (8)
where

diy = ayfag, ayy = afay, dze = asfa,,

)
2 Ar Ar
A A
ay = 3[(2& +1)- 0,(1 + GA_T)](E)’
A 3
w=[=(0)] ®

and

w=of(5) 5]

This system of coupled equations represents a complete
mathematical solution to the problem for times t < t, and is
adequate to determine the three unknown functions A(t, ¢, 6),
Ay(7,¢,0), and 6,(z, €,0), subject to the initial conditions that
At = 0) = 0,and A;(r = 0) = 0.

Once the thermal front, d1(t), reaches the wall surface,
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x = —a(ie Ay = A7), the temperatureat x = — ¢, T,,isno
longer constant; thus a different analysis must be furnished
which is described as follows.

During the second stage of the analysis (that is, for t > 1,)
the temperature distribution in the solidified crust is as
described by equation (6), since the boundary conditions of
the crust do not change. However, the temperature field in the
wall is changed to satisfy the new boundary condition in the
wall presented by equation (4), which is assumed as

8.(x.1%) = 8, — (0, — 9,)(1 + §> : (10)

Through use of equations (1), (2a), (3)-(6) and (10) the

following new set of coupled equations is obtained :

dA (1 —o,> 'y
ge— =2 —~ 20 -1,
de* A Ay

do, 1 (00, do,
de* S Az, de* |

and (1)
de,; dA de,
F= 1na;+bzuag—bsu,

where
blU = b,/b(,, b:n = bz/bu, bsn = ba/bu,

b,=A 3.4 + Ay
T2 A \AL T
A A A
= 2e+1)— 6,1 —0,¢
bl 3<AaT>{( o ) ’|: +O—(AaT>jl+aAuT ”}
A 2
bz=Aa(—>,
A

(12)

The coupling of this set of equations is sufficient to determine
the three unknown functions, in this case, A(t*, ¢, g, A,7),
0,(t*, ¢, o, A,r), and 6,(t*, ¢, o, A,7), subject to the initial
condition A(r* = 0) = A(r,) and 8,(t* = 0) = 0. The initial
value for the frozen crust, A(z* =0), and that for the interface
temperature, T,(t* = 0), are as determined during the first
stage of the analysis. Numerical integration of the coupled
equations was performed using the Gear method [13]
(available from the Argonne National Laboratory Code
Center). '

4. DISCUSSION AND CONCLUSIONS

The (one-dimensional) behavior of the frozen crust that
forms on an insulated, non-melting finite wall was studied
using the refined integral heat balance method and found to
depend on three parameters, namely ; the wall-crust thermal
ratio, o, Stefan number for freezing, SN, and the dimension-
less wall thickness, A ;. As evidenced by Fig. 2(a), the wall
thickness does not greatly influence the growth rate of the
solidified crust at early times. The maximum thickness of the
crust and its decay behavior, however, are strongly influenced
by the wall thickness as long as the thermal front reaches the
wall surface (x = — a) before the crust reaches its maximum
thickness. Physically, the temperature at the opposite surface
of the wall, T, begins to increase with time when the thermal
layer, d1(t), reaches the wall surface. Eventually, T, ap-
proaches the fusion temperature of the liquid, T, when the
deposited crust completely disappears due to remelting.
An evaluation of the total lifetime of the crust can simply be
obtained from the energy balance WT, — T,) Ty =
aCp,p.(T; — Ty),0r 1y, = Ay, whichis accurate when the
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cold wallis thin [11], [that is, when 7,;;, > a*/(a,.7) or when ¢
> (Au/1)]

Figures 2(b) and (c) show that the maximum crust
thickness and the crust total lifetime are strongly dependent
upon the wall—crust thermal ratio, o, and the wall thickness,
A,r. An increase in ¢ or A,y results in an increase in the
maximum thickness of the crust and its total lifetime. Such
behavior is expected since increasing the wall thickness or the
wall-crust thermal ratio results in a more efficient wall heat
sink, over a longer period of time. The Stefan number of
freezing, SN, however, strongly influences Ay, whereas it has
a slight effect on z,;,. Increasing Stefan number increases the
maximum crust thickness and reduces its total lifetime, due to
faster growth and decay processes, as would be expected for
materials with a lower heat of fusion.

The result of such a parametric study indicates that the wall
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thickness plays an important role in the transient growth and
decay characteristics of the solidified crust; thus, previously
obtained results for semi-infinite geometry are applicable
only to problems where the growth and decay behavior of the
crust occurs for times less than that for the thermal pene-
tration through the solid wall (that is, for A,; > an). The
solution technique presented here [10] can easily be extended
to a wide variety of problems of engineering utility, where one
wishes to obtain an estimation of the transient growth and
decay behavior of a frozen crust that forms in a flowing liquid
on a cold wall of finite extent. As discussed in [1,12] such
problems are of interest for nuclear reactor safety assessment,
where an understanding of molten fuel freezing potential on
core substructures is desirable for postulated reactor core
overheating situations where fuel pin melting occurs.
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